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An Introduction to Sampling

What is sampling, what is generative modelling?

Sampling: Given a probability measure 7, output (approximately) a
sample X ~ .

» Typically 7 oc exp(—U(x)) where U(x) is a potential (or energy)
function.

Generative modelling: Given a dataset {x;}! ; or given an empirical
measure

. 1 —
Pdata = E Zl 6361‘7
i=

output (approximately) a sample X ~ pgaa.
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An Introduction to Sampling

Markov chain Monte Carlo

Sampling is a very general problem and a very old topic in statistics and
computer science. One of the most popular methods is Markov chain
Monte Carlo (MCMC).

» Scales favourably with dimension

» Requires only the ability to evaluate the density up to a normaliz-

ing constant

The principle is to construct a Markov chain with stationary distribu-
tion 7 and sample from it.



An Introduction to Sampling

Metropolis-Hastings

The black-box way of doing it is to use Metropolis-Hastings.



An Introduction to Sampling

Metropolis-Hastings

The black-box way of doing it is to use Metropolis-Hastings.
» Sample X' ~ q(x'|X,—1)
» Set X,, = X’ with probability

a(X'|X,—1) = min {1, [1(X)q(X,—1]X') } .

(X -1)q(X|Xp—1)

» Otherwise, set X,, = X,,_1.
where II(x) = exp(—U(x)).
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Metropolis-Hastings

The black-box way of doing it is to use Metropolis-Hastings.
» Sample X' ~ q(x'|X,—1)
» Set X,, = X’ with probability

a(X'|X,—1) = min {1, [1(X)q(X,—1]X') } .

(X -1)q(X|Xp—1)

» Otherwise, set X,, = X,,_1.
where II(x) = exp(—U(x)).

This leaves 7 invariant.
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Metropolis adjusted Langevin algorithm

The choice of the proposal is crucial. One very popular choice is the
Langevin proposal.

X = Xn—1— ’YVU(Xn—l) + V 272n
where Z, ~ N(0,1) and + is the step size. This results in

q(x'|x) = N (x —=7VU(x),279I).

Why is this a good choice?
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Crash course on Langevin SDE - I

Consider the Langevin SDE for a generic drift VE:
dXt — _VU(Xt)dt + \/idBt,

where (B;)¢>0 is a Brownian motion. This SDE has a (Gibbs-type) sta-
tionary measure

7 oce VW),

Therefore, for a classical sampling problem for, say 7(x), we could set
U(x) = — log 7(x) (negative log-density).

This diffusion converges to its stationary measure exponentially fast if
E is pi-strongly-convex.
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where (B;)¢>0 is a Brownian motion.
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Crash course on Langevin SDE - II - Optimisation

Consider the Langevin SDE for a generic drift VE:

2
dXt - —VU(Xt)dt + \/;dBt,

where (B;)¢>0 is a Brownian motion. This SDE has a stationary measure

7o e PV,

This stationary measure concentrates on the minima of E as 3 — oo
(Hwang, 1980).

Langevin diffusion is a global optimiser.
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The Euler discretisation is the unadjusted Langevin algorithm (ULA):
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where (W,,),>0 are i.i.d standard Normal random variables.
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Crash course on Langevin SDE - III: Numerical discretisation

The Euler discretisation is the unadjusted Langevin algorithm (ULA):

X\ =X —VUX])) + V27yWui1

where (W,,),>0 are i.i.d standard Normal random variables.

This chain has a different stationary measure 7, but a number of guar-
antees can be derived for its convergence.

Theorem 1 (Durmus and Moulines, 2019)
Let L(X;) be the law of the iterates of ULA, then
n+1
WL m S (1= )" @/m+lxo—#12) +,

under suitable regularity conditions for V, restriction on ~y where K :=
k(m,L).
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As we discussed initially, in generative modelling we do not know the
density 7 but we have access to samples:

. 1 —
Pdata = Z Zl 5x;"
=

To sample from 7 := pg,., we need to learn a model to be able to use
our favourite sampling schemes.

Next: Energy Based Models
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Introduction

Given pgata, we would like to estimate the density pgata.
» This is a classical density estimation problem.

Discussion: Can we use kernel density estimation for this problem?

What is a sensible parametric model?
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Introduction

Consider the Gibbs-type probability measure
g o exp(—Up(x)),

where Upy(x) is a potential function.

When is this a flexible model for pgaia?
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Introduction

Let U : X — Rand Uy : X — R be a neural network. Let 7 o
exp(—U(x)) and myp x exp(—Up(x)). Then (Atchadé et al., 2023)

m(X)

I = mollrv < ——1IU — Upllo

where m is the Lebesgue measure on X (with finite measure).

Therefore, an EBM is a universal approximator on bounded spaces.
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topic.
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Training EBMs

Training EBMs is a hard problem and there is a VAST literature on this
topic.

We will review (expanding):
» Maximum Likelihood Estimation
» Score Matching

and variations of these.
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Maximum Likelihood Estimation

The idea is to maximise the expected likelihood of the data under the
model. The expected log-likelihood of the data is given by

U(0) := Ep, [log e (X)], (1)

where pgat, is the data distribution.

Mini-quiz: Prove that maximising this is equivalent to minimising the
KL divergence between pg,, and 7.



Energy Based Models

Maximum Likelihood Estimation

The idea is to maximise the expected likelihood of the data under the
model. The expected log-likelihood of the data is given by

U(0) := Ep, [log e (X)], (1)

where pgat, is the data distribution.

Mini-quiz: Prove that maximising this is equivalent to minimising the
KL divergence between pg,, and 7.

Proof on the board.
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Maximum Likelihood Estimation

Let us look at the objective a bit more closely.
£06) = Epy, log o)) = [ 1og ma(x)pasax)d
= - / Up(%)pdata(x)dx — log Zg,

where Zy = [ exp(—Up(x))dx is the normalising constant.



Energy Based Models

Maximum Likelihood Estimation

Let us look at the objective a bit more closely.

£06) = Epy, log o)) = [ 1og ma(x)pasax)d
= - / Up(x)Pdata (x)dx — log Zg,

where Zy = [ exp(—Up(x))dx is the normalising constant. For gradi-
ent based optimisation, we can consider

Vol(0) = —E,,,. [VoUs(X)] — Vg log Zy.

The last term is intractable.



Energy Based Models

Maximum Likelihood Estimation

Assuming [ e~U®dx < oo, we have
VologZy = —E,,[VoUg(X)].

Mini-quiz: Prove this.
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Maximum Likelihood Estimation

Assuming [ e~U®dx < oo, we have
VologZy = —E,,[VoUg(X)].

Mini-quiz: Prove this.

Proof on the board.
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Therefore, we have the full gradient that is of the form

Vol(0) = —Ep,.. [VoUs(X)] + Er, [VoUp(X)].
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Therefore, we have the full gradient that is of the form
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We get then its empirical approximation
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Energy Based Models

Maximum Likelihood Estimation

Therefore, we have the full gradient that is of the form
Vol(0) = —Ep,,,, [VoUs(X)] + Er, [VoUp(X)].

We get then its empirical approximation
1 n
Voln(0) = —= Z VoUp(xi) + Er, [VoUy(X)].
ni=

The second term is still problematic!

20



Energy Based Models

Maximum Likelihood Estimation

Voln(0) = —% Z VoUp(xi) + Er, [VeUp(X)].
i=1

The idea here is to use MCMC to sample from 7y to approximate the
expectation.

21



Energy Based Models

Maximum Likelihood Estimation

Consider the following optimization (gradient ascent) procedure
9k+1 =0+ 5V9£n(9k),

5 n
=0 — - > VUp,(xi) + 0B, [V Uy, (X)]
i=1

22



Energy Based Models

Maximum Likelihood Estimation

Consider the following optimization (gradient ascent) procedure
9k+1 =0+ 5V9£n(9k),

5 n
=0 — - > VUp,(xi) + 0B, [V Uy, (X)]
i=1

At iteration k, the expectation needs to be approximated, For this, we
run a separate ULA chain at each k:

X]Em) X(m 1) —’YVU (m— 1) + /7W m)

where (W,Em))ng are i.i.d standard Normal random variables.

22



Energy Based Models

Maximum Likelihood Estimation

Algorithm MLE for EBMs via ULA

1: Input: The dataset {x;}!,, the step size J, the number of MCMC
steps M, the burn-in B, the step size v, the number of iterations N.

2: fork=1,...,Kdo

3 Fixx”

4 form=1,...,Mdo

5 x{" = x" _ A vuy (x" V) 4w,

6: end for

7

8

9:

Vea(0h) = — L 30 VU (x1) + 3 SNy VUG ().
: Orr1 = Ok + 6V, (6k).
end for

23



Energy Based Models

Contrastive Divergence

Algorithm Pseudocode for EBM training via CD-1

1: Input: The dataset {x;}! ,, the step size , the number of MCMC
steps M, the burn-in B, the step size vy, the number of iterations N.
2: fork=1,...,Kdo
: Randomly choose i.
X]EO) = Xj.
1 0 0 1
xM = xO — U, (xO) + 2w,

4
5:
6 Vi(B) = 13 VU, (x5) + VU (X)),
7
8

: Orr1 = Ok + 6V€n(9k)
: end for

Often with the stochastic gradients:

n J
nt Z VU, (xi) = J1 Z VU, (x;)-

i=1 j=1 2



Energy Based Models

Persistent Contrastive Divergence

Algorithm Pseudocode for EBM training via PCD

1: Input: The dataset {x;},, the step size J, the number of MCMC
steps M, the burn-in B, the step size v, the number of iterations N.

2: fork=1,...,Kdo

3 forizl,...,'Ndo ' .

4 X = x1 — U (X)) + 2w,

5 end for .

6 Ve(0) = —n 10 VU (x) + NTLEN VU, (x).

7

8:

Orr1 = Ok + 6V, (0k).
end for

25



Energy Based Models

Maximum Likelihood Estimation

Algorithm “Short-Run MCMC” (Nijjkamp et al., 2019)

1: Input: The dataset {x;}!,, the step size J, the number of MCMC
steps M, the burn-in B, the step size v, the number of iterations N.

2: fork = 1 ,K do

3 F1XX ~ po

4 form—l,...,Mdo

5: X" = x"Y U, (XYY 2w,

6: end for

7

8

9

Ve(6) = —L 30 VUs, (%) + 3ip S5y VUG (X)),
: Orr1 = Ok + VL, (0k).
. end for

Note this method also noises the data with a single step every iteration.

26



We covered so far maximum likelihood estimation for EBMs with no
latent variables.
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We covered so far maximum likelihood estimation for EBMs with no
latent variables.

Next: Latent variable EBMs and MLE.
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Energy Based Models

Latent Variable Models

Let pg(x, z) be a probabilistic model with parameters 6, data x, and la-
tent variables z.

Given the data x, the typical goal is to build maximum likelihood esti-
mate of the parameters by maximising the marginal likelihood

0 € arg max log po(x), (2)

where pg(x) = [ po(x, z)dz is the marginal likelihood.

28
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Latent Variable Models

In classical literature for LVMs, the standard method to fit parameters
is the EM algorithm.
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Latent Variable Models

In classical literature for LVMs, the standard method to fit parameters
is the EM algorithm.

Ont1 € argmax Q(6, by), (3)
where

Q<97 9”) = ]Epen (Z‘x) [lngg(x, Z)] :

There is a long history of implementing this method. In most situations
(which will certainly be the case in the case of EBMs), the posterior
po(:|y) will not be tractable.

29



Energy Based Models

Latent Variable Models

We below summarise one estimation strategy for the latent variable mod-
els. Assume that we are interested in running the gradient ascent scheme

9n+1 = Hn + 5V0 logPOn (x)a (4)

where 9§ is the step size.

30



Energy Based Models

Latent Variable Models

We below summarise one estimation strategy for the latent variable mod-
els. Assume that we are interested in running the gradient ascent scheme

9n+1 = Hn + 5V9 logPOn (x)a (4)

where 9§ is the step size.

Mini-quiz: What can we do?

30



Energy Based Models

Latent Variable Models

We can rely on the following proposition.

Proposition 1 (Fisher’s identity)

Assume that [ pg(x,z)dz < oo for all 6. Then the gradient of the log
marginal likelihood can be written as

Vo logpe(x) = Epg(z|x) [V log po(x,z)]. (5)

Proof on the board.
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Energy Based Models

Latent Variable Models

The gradient is given by
Vy 10gp9 (x) = IEpe(z|x) [VO 10gp9 (xv Z)]a

however the posterior py(+|x) is intractable.

32



Energy Based Models

Latent Variable Models (De Bortoli et al., 2021)

The SOUL method is based on the following idea. We can approxi-
mate the posterior pg(z|x) by running a short Langevin algorithm on
the joint py(x, z).

33



Energy Based Models

Latent Variable Models (De Bortoli et al., 2021)

The SOUL method is based on the following idea. We can approxi-
mate the posterior pg(z|x) by running a short Langevin algorithm on
the joint py(x, z).

At iteration 6y, one can sample from the posterior py, (z|x), running an
MCMC sampler for M steps:

m m—1 m— m
Z]E ) :Z,E )—l—’nglogpgk(x,ZIE 1))+\/2’yW,§ ),
where ngm) ~ N(0,1;) is a standard Gaussian random variable, Z,EO) =

Z,E]Xq, and m = 1,..., M. After B burn-in samples, the expectation in
the gradient can be approximated as

1
M—-B

M
Z Vo log pe, (x, Z,Em)).

m=B+1

Epy, (1x) [Vo log po, (x, 2)] =

33



Energy Based Models

Latent Variable Models

Set Up(z) = —log po(x, z).

Algorithm SOUL for LVMs (De Bortoli et al., 2021)

1: Input: The dataset x, the step size J, the number of MCMC steps
M, the burn-in B, the step size ~y, the number of iterations K.

2. fork=1,...,Kdo

3 Fixz” = zZM

4 form=1,...,Mdo

5 7 = 72D _ AU, (20Y) + 2w,

6: end for

7

8

9:

Vi(0) = —35 Zi\n/I:B—&-l VU, (Xlgm))'
Orr1 = Ok + 6v£n<9k)
end for

34



Energy Based Models

Latent Variable EBMs

In-class exercise: Consider the latent variable EBM model:

po(x,2) = pp(x|z)pa(2),
where

e~ Ua (Z)po (z)

palz) = A

Can you derive the MLE training algorithm?

35



We covered so far maximum likelihood estimation for EBMs with no
latent variables. We then discussed latent variable EBMs and MLE.

36



We covered so far maximum likelihood estimation for EBMs with no
latent variables. We then discussed latent variable EBMs and MLE.

Next: Energy Based Models and Score Matching.

36



Energy Based Models

Score Matching
Recall the Euler discretisation is the unadjusted Langevin algorithm (ULA):

X?+1 =X/ +7ViogIl(X]) + \/27yWi11

where (W;);>0 are i.i.d standard Normal random variables.
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Energy Based Models

Score Matching

Recall the Euler discretisation is the unadjusted Langevin algorithm (ULA):
X/ = X! +9VIogl(X) + /27 W1
where (W;);>0 are i.i.d standard Normal random variables.

Notice that we only need the gradient of the (unnormalised) log-density
for sampling.
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Energy Based Models

Score Matching

Recall the Euler discretisation is the unadjusted Langevin algorithm (ULA):
X/ = X! +9VIogl(X) + /27 W1
where (W;);>0 are i.i.d standard Normal random variables.

Notice that we only need the gradient of the (unnormalised) log-density
for sampling.

The idea of score matching is to directly estimate the gradient of the
log-density.

37



Energy Based Models

Score Matching

Score matching methods are based on Fisher divergence, which is de-

fined as
F(mi|Im) = JEn [V Iogm (X) - Viegm(X) . ©
In the case of generative modelling, we are interested in computing
where
0 € argmin F(pdatal |70),
where

1
F(Pdatal|T9) = QEpdata[HVIogpdata(X) - V10g7T0(X)||2]- (7)
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Energy Based Models

Score Matching

Proposition 2 (Hyvirinen, 2005)

The loss in (7) can be written as

1
F(Pdatal|76) = Eppe {TW2 log mg(X) + §\|V10g7r9(X)||2] . (8)

Proof on the board for 1D case.
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Energy Based Models

Score Matching

Figure: From Murphy (2023) 40



Energy Based Models

Score Matching

Unfortunately, this idea doesn’t quite work in practice.

Data density Data scores Estimated scores

N
\
\
§
\
\
!
\

Image credit: https://yang-song.net/blog/2021/score/
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Energy Based Models

Denoising Score Matching

Score matching can be inefficient and is expensive due to the Hessian
term. Instead, we can leverage the following idea.

Let us define the noisy version of the data distribution as

pdata /pdata x|x ) /

where K (x|x) is a kernel.

42



Energy Based Models

Denoising Score Matching

Proposition 3 (Vincent, 2011)

Given the Fisher divergence between the noisy data distribution and the
model distribution,

1
Flpuall70) = By, |51 108 250a0) = Viogma(R)IZ] . )
we have
1
F(Fll70) = Epte) | 3191108 KCXIX) — Vg mo0)P] . 10

where p(x, x') = paata(x")K (x]x).
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Energy Based Models

Denoising Score Matching

Proposition 3 (Vincent, 2011)

Given the Fisher divergence between the noisy data distribution and the
model distribution,

1
Flpuall70) = By, |51 108 250a0) = Viogma(R)IZ] . )
we have
1
F(Fll70) = Epte) | 3191108 KCXIX) — Vg mo0)P] . 10

where p(x,x") = paata(x) K (x[x).
Proof on the board.
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Energy Based Models

Denoising Score Matching

For example, one can simply choose
K(xlx') = N(x;x', 0°1a),

where o is a hyperparameter. In this situation, the estimate will take the
form (Song and Kingma, 2021)

1z 2
F(patal|m0) = Epyy(v) Earnr(o,021,) [2 HE + Vilogmy(x' + 02) H ] '

44



Energy Based Models

Denoising Score Matching

One can estimate this score, by plugging the empirical data distribution
in using

. 1 <
Pdata = ; Zl 5x;“
i=

and using samples from the Gaussian distribution, which results in the
unbiased estimate of the loss

, 2
L)

1 O .
7 + Vx logﬂg(x,- + CTZ(I))

E(pual10) = 5>

45



Energy Based Models

Denoising Score Matching

Perturbed scores are better behaved:

Perturbed density Perturbed scores Estimated scores

REOSSSSRRITITIRW

But there is a bias as we approximate the noisy data distribution.
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Energy Based Models

Denoising Score Matching

Perturbed scores are better behaved:

Perturbed density Perturbed scores Estimated scores

REOSSSSRRITITIRW

But there is a bias as we approximate the noisy data distribution.

This observation led to the idea of adding progressively more noise to
data and learn associated scores (a bit later).

Image credit: https://yang-song.net/blog/2021/score/
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Energy Based Models

Sliced Score Matching

Sliced score matching defines a new sliced Fisher divergence (Song et
al., 2020)

1 2
SF@data‘ |7r9) = IEp(v)I["Epdata [2 (VTvx log 7rdata(X) - VTvx log g (X)> :| s

where p(v) is a distribution where we sample projections v from.
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Energy Based Models

Sliced Score Matching
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al., 2020)

1 2
SF@data‘ |7r9) = IEp(v)I["Epdata [2 (VTvx log 7rdata(X) - VTvx log g (X)> :| s

where p(v) is a distribution where we sample projections v from. The
sliced Fisher divergence can be written as

1
SE(Pdatal|70) = Ep, Epyu [Jvi log mo(X)v + §(vTvx log (X))Q] .
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Energy Based Models

Sliced Score Matching

Sliced score matching defines a new sliced Fisher divergence (Song et
al., 2020)

1 2
SF@data‘ |7r9) = IEp(v)I["Epdata [2 (VTvx log 7rdata(X) - VTvx log g (X)> :| s

where p(v) is a distribution where we sample projections v from. The
sliced Fisher divergence can be written as

1
SE(Pdatal|70) = Ep, Epyu [Jvi log mo(X)v + §(vTvx log (x))Q] .

The term v V2 log 79(X)v can be computed without storing the Hes-
sian but still expensive compared to the denoising score matching.
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Energy Based Models

Denoising Score Matching with Multiple Levels: Towards diffusion models

Denoising score matching appeared as the cheapest option to approxi-
mate scores, but has an inherent bias as it estimates the noisy scores.
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For 0 = 0, the bias is small, but training is unstable and mixing can

be arbitrarily slow, especially for pg,, with multiple modes or which
concentrates on low-dimensional manifolds.
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Energy Based Models

Denoising Score Matching with Multiple Levels: Towards diffusion models

Denoising score matching appeared as the cheapest option to approxi-
mate scores, but has an inherent bias as it estimates the noisy scores.

For 0 = 0, the bias is small, but training is unstable and mixing can
be arbitrarily slow, especially for pg,, with multiple modes or which
concentrates on low-dimensional manifolds.

Can we “bridge” easy to sample distributions and the data distribution,

via the use of noise scales?
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Energy Based Models

Denoising Score Matching with Multiple Levels: Towards diffusion models

This is the idea in Song and Ermon (2019) that unlocked the path to
diffusion models.
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Denoising Score Matching with Multiple Levels: Towards diffusion models

This is the idea in Song and Ermon (2019) that unlocked the path to
diffusion models.

Let {0;}L_, denote the sequence of L noise levels that satisfies 2L =
i=1 g2

.= Uff > 1. For each noise level, we define

/

pdata /pdata Ul x|x)

The pedestrian approach is to train a model for each noise level, but this
is computationally expensive.
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Energy Based Models

Denoising Score Matching with Multiple Levels: Towards diffusion models

This is the idea in Song and Ermon (2019) that unlocked the path to
diffusion models.

Let {0;}L_, denote the sequence of L noise levels that satisfies 2L =
i=1 g2

.= Uff > 1. For each noise level, we define

/

pdata /pdata Ul x|x)

The pedestrian approach is to train a model for each noise level, but this
is computationally expensive.

We will instead choose a single network for all noise levels: Noise con-

ditional score networks (NCSN).
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Energy Based Models

Denoising Score Matching with Multiple Levels: Towards diffusion models

Let us denote the DSM loss for a single noise level as

o 1 o
0(0,0) = F(pGualImo) = Epg,, | 51V 108 PG (X) = so(X)[*| -
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Energy Based Models

Denoising Score Matching with Multiple Levels: Towards diffusion models

Let us denote the DSM loss for a single noise level as

a 1 (od
(0,0) = F(pdaallmo) = Epgata [QHVIOgPdata(X) - 39(X)”2] .
Let us clarify this for the specific kernel K. Recall that we can write
1
£0.0) = By 519 log Ka(X1X) — s,

where p(x,x') = paara (X' ) Ko (x|x").
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Energy Based Models

Denoising Score Matching with Multiple Levels: Towards diffusion models

|

The final loss is then

1x—-X
E(G,O') = Ep(x,x’) H

5 0_2 + 50(X7 U)

It is typical to build the final loss as

L

00) = %Z Aai)l(0, 0i),

i=1

where \(o;) is a weighting function. Song and Ermon (2019) propose
A(o) = o?. Therefore, the training phase of the algorithm is to find

0, € argmin ¢(0).
0
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Energy Based Models

Denoising Score Matching with Multiple Levels: Towards diffusion models

Algorithm Pseudocode for sampling from EBMs using annealed
Langevin dynamics

1: Input: The trained NCSN sy, (x, o), the number of noise levels L,
the step size ¢, the number of iterations T

: Xo = random initialisation.

: fori = 1,..2.,Ldo

o
Yi = 67%.
fort=1,...,Tdo

X1 = Xo + viso, (Xe, 01) + V27 Wi
end for
Xo = Xr-
: end for

R A A U T
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We covered the basics of EBMs and latent variable EBMs.
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We covered the basics of EBMs and latent variable EBMs.

The training algorithms have been predominantly based on Markov
chain Monte Carlo methods.
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We covered the basics of EBMs and latent variable EBMs.

The training algorithms have been predominantly based on Markov
chain Monte Carlo methods.

Next: Training and inference using variational inference.
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Part I1: Variational Autoencoders
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Part I1: Variational Autoencoders

» An introduction to variational inference (on the board)
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Part II: Variational Autoencoders
» An introduction to variational inference (on the board)

» Variational Autoencoders
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Part II: Variational Autoencoders
» An introduction to variational inference (on the board)
» Variational Autoencoders
» Extensions of VAEs
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Variational Autoencoders

Introduction

VAEs are highly related to latent variable EBMs, in fact, they share the
same model structure for py(x, z).
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Variational Autoencoders

Introduction

VAEs are highly related to latent variable EBMs, in fact, they share the
same model structure for py(x, z).

Instead of training the model via MCMC as in the case of EBMs, VAEs
build a variational family of the form g4(z|x).

We then derive the ELBO in the almost identical way.
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Variational Autoencoders

Introduction

In this case, we have a latent variable model, pg(x) = [ pg(x,z)dz and
we can write

B [l0gpo(x)] = Ep () log / Pe(m)dz] ;

[ zZ|X
:Epdata(x) ]-Og/pe(x,Z)Z(b( ’ )dZ:| s

s(z|x)
pg(x,z) :|
>E, / z|x) log dz|,
Pdata() L q¢< ‘ ) qd)(z‘x)
= By () | Egotet 108205 )] — By o 4o 2]

where we have used Jensen’s inequality in the third line. An instantia-
tion of the last expression with pga¢a:

i=1

ELBO(6, ¢) = > [qus(zlx,-)[logp@(xivz)] — Eg, (zlx) 108 ‘1¢(Z|xi)]]

(11)



Variational Autoencoders

Introduction: From graphical models

An alternative derivation assumes the following decoder model:

po(x,2) = [ [ po(xilz:)p(2)-
i=1
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Variational Autoencoders

Introduction: From graphical models

An alternative derivation assumes the following encoder model:

ge(z|x) = Hq¢ zi|x;).
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Variational Autoencoders

Introduction: From graphical models

Then classical VI derivation gives the ELBO:

n

ELBO(0,¢) = ) _ [E%(zim)[logpe(xia zi)] — Eg, () [log 90 (zilxi)] | -
i=1
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Variational Autoencoders

Introduction: From graphical models

Then classical VI derivation gives the ELBO:

n

ELBO(0,¢) = ) _ [E%(zim)[logpe(xia zi)] — Eg, () [log 90 (zilxi)] | -
i=1

In the case of VAEs, py(x;|z;) is called the decoder and g (zi|x;) is called
the encoder.
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Variational Autoencoders

Decoder

The decoder, as we will consider here, is just defined as
po(x|z) = N (x; pg(z), 0°Iy),

where p19(z) : Z — X is a neural network. The decoder is a standard
Gaussian distribution with mean 14 (z) and variance o21;.
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Variational Autoencoders

Decoder

The decoder, as we will consider here, is just defined as
po(x|z) = N (x; pg(z), 0°Iy),

where p19(z) : Z — X is a neural network. The decoder is a standard
Gaussian distribution with mean 14 (z) and variance o21;.

Sometimes, following the deterministic AE literature, the neural net-
work 119(z) is also called a decoder
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Variational Autoencoders

Encoder

The encoder is defined as

44 (2]x) = N (z; g (x), diag (03 (x))),

where f14(x) : X — Z and ai(x) : X — Z are neural networks. The
encoder is a Gaussian distribution with mean p4(x) and variance ai (x).
The encoder is trained to encode the data x into the latent space. The
usual parameterisation is that a neural network for the mean and log-
variance is trained. In fact, it is usual to train a single network hy(x) :
X — Zx Zand then split the output into the mean and the log-variance.
The log-variance is used to ensure that the variance is positive.
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Variational Autoencoders
VAE graph

N(,I)~ |e

Figure: From (Bernstein, 2023)
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Variational Autoencoders

VAE graph

Original Reconstructed

Figure: From (Bernstein, 2023)
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Variational Autoencoders
VAE graph

Figure: From (Bernstein, 2023)
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Variational Autoencoders
VAE graph

Figure: From (Bernstein, 2023)
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Variational Autoencoders

VAE graph

'ﬁ - - - -
7 N/ 171/
x » N 4 4 P P

Figure: From (Bernstein, 2023)
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Hierarchical Variational Autoencoders

Deep VAEs

Hierarchical VAEs are a generalisation of VAEs where the latent space
is split into multiple levels. Let us define the model (Murphy, 2023)

po(x,z1.) = po(zL) [ I e Zz\Zl+1)] po(x|z1),
=11

and the variational family

1
q¢(z|x) = q4(21]x) H q¢(z1l2141, %)
I=L—1
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Hierarchical Variational Autoencoders

Deep VAEs

r
i
i, i,

Low resolution High

Figure 21.18: Samples from a VDVAE model (trained on FFHQ dataset) from different levels of the hierarchy,
From Figure 1 of [Chi2iaf. Used with kind permission of Rewon Child.

Figure: From (Murphy, 2023)
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All generative models we have looked at so far considered the data as
i.i.i.d samples.
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All generative models we have looked at so far considered the data as
i.i.i.d samples.

Next: Dynamical VAEs.
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The filtering problem

Introduction

Consider a standard state-space model:

ol X

The generic probabilistic description of such a system is given by

up ~ po(ug) (12)
wlue_q ~ p(ugfue_q) (13)
X |1 ~ p(Xk|ug—1) (14)

where p(ug|uy_1) is called a transition model and p(xi|uy) is called the
likelihood.
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The filtering problem

Introduction

©O - ©

A standard problem within this setting is to estimate latent states (uy ) x>0
given observations (X )x>1. -
» The filtering problem is to estimate uy given x1, .. ., X.
» The smoothing problem is to estimate uy given X1, ..., Xr.
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The filtering problem

Introduction

©O - ©

A standard problem within this setting is to estimate latent states (u) x>0
given observations (X )x>1.
» The filtering problem is to estimate uy given x1,. .., Xx.
» The smoothing problem is to estimate uy given x1, . .. , Xr.
A number of applications in data assimilation
» Object tracking
» Weather forecasting
» Volatility estimation
60 years of research: A massive data assimilation and stochastic filtering

literature.
71



The filtering problem

Introduction

The standard methods estimate the filtering distribution p(u|x;.) and
the smoothing distribution p(u|x;.7).
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the optimal solution.
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Introduction
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» For linear Gaussian models, the Kalman filter/smoother provides
the optimal solution.

» For nonlinear-Gaussian models, Kalmanesque filters: Extended
Kalman filter, unscented Kalman filter.
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The filtering problem

Introduction

The standard methods estimate the filtering distribution p(u|x;.) and
the smoothing distribution p(u|x;.7).

» For linear Gaussian models, the Kalman filter/smoother provides
the optimal solution.

» For nonlinear-Gaussian models, Kalmanesque filters: Extended
Kalman filter, unscented Kalman filter.

» For nonlinear and non-Gaussian models: particle filters.
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Autoencoding unstructured data

Kalman VAEs (Fraccaro et al., 2017)

Let us denote the data with y;.7. We look at a three layer model:

yel%t)
Xt|11t)

yi|x: ~ pol
x¢[ur ~ pu(
uur—1 ~ pa(uelue_q)

A~ p(A)

This model includes:
» yi.7: the unstructured, high-dimensional data

» x;.7: pseudo-observations, embedding of high-dimensional data
to a low-dimensional space

» u;.1: latent states, the hidden variables driven by a prescribed dy-
namics
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Autoencoding unstructured data

Kalman VAEs (Fraccaro et al., 2017)

Autoencoder Structure
» Data encoded to latent space

» Latents decoded

Y1.T 1.1
= Ew

Encoder Decoder
o (-|y1:7) po(-|z1.7)
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Autoencoding unstructured data

Kalman VAEs (Fraccaro et al., 2017)

Autoencoder Structure Latent Dynamics
» Data encoded to latent space > Latent encoding represents
» Latents decoded ‘pseudo-obervations’ of un-
Yi.r 1.7 derlying dynamic system

Encoder Decoder
o (-|y1:7) po(-|z1.7)

@ @ @ ok
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Autoencoding unstructured data

Kalman VAEs (Fraccaro et al., 2017)

Autoencoder Structure Latent Dynamics
» Data encoded to latent space > Latent encoding represents
» Latents decoded ‘pseudo-obervations’ of un-
Yi.r 1.7 derlying dynamic system

» Filtering used to infer latent
states

Encoder
o (-|y1:7)

Decoder

po(-|z1r)

. Observations

: : Dy (Tt|us)
Latent Dynamics
@ @ pA(ut|Ut—1,A)
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Autoencoding unstructured data

Kalman VAEs (Fraccaro et al., 2017)

Autoencoder Structure
» Data encoded to latent space

» Latents decoded

Y1.T 1.1

Encoder
(AQIED)

Decoder

po(-|z1r)

. Observations

: : Dy (Tt|us)
Latent Dynamics
@ @ pA(ut|ut~1,A)

Latent Dynamics

> Latent encoding represents
‘pseudo-obervations’ of un-
derlying dynamic system
» Filtering used to infer latent
states
Inference

» Prior over latent space defined
by assumed dynamic model
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Autoencoding unstructured data

Kalman VAEs (Fraccaro et al., 2017)

Autoencoder Structure Latent Dynamics
» Data encoded to latent space > Latent encoding represents
» Latents decoded ‘pseudo-obervations’ of un-
Yr.T 1.7 derlying dynamic system
ml » Filtering used to infer latent
states
Encoder Decoder Inference

po(-|z1r)

4s(:|y1.1)
» Prior over latent space defined

by assumed dynamic model

: . » Variational  approximation

Observations
: : Py (w¢|ue) made to latent posterior
Latent Dynamics
@ @ pA(ut|ut~1,A)
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Autoencoding unstructured data

Kalman VAEs (Fraccaro et al., 2017)

Autoencoder Structure Latent Dynamics
» Data encoded to latent space > Latent encoding represents
» Latents decoded ‘pseudo-obervations’ of un-
Yr.T 1.7 derlying dynamic system
ml » Filtering used to infer latent
states
Encoder Decoder Inference

4o (-ly1.1) po(-|z1.T)

> Prior over latent space defined
i by assumed dynamic model

: . » Variational  approximation

Observations
D, @) Dy (Tt|us) made to latent posterior
Latent Dynami .
(o )—(ur) pAF£t|uth,czs\) » Evidence lower bound of

logp(yi.r) maximised to
learn encoding and decoding
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Model

Model derivation

Factorize joint distribution:

P(u1:T7X1:T, Y1:T) = P(YI:T|X1:T7 111:T)P(X1:T!111;T)P(111;T)

= po(y1.7/x1.7)py (X1:7|01.7)pA (W1:T).

Decoder
po(-|z1.r)
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Model

Model derivation

Factorize joint distribution:

P(u1:T7X1:T, Y1:T) = P(YI:T|X1:T7 111:T)P(X1:T!111;T)P(111;T)

= Pe(}’LT|X1:T)P(X1:T!ulzT)PA(uLT)

: Observations
Do)
) Latent Dynamics
@ pA(ue|ug—1,A)
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Factorize joint distribution:

p(urr, X7, y1:1) = p(yr7|X1:r, wi.r)p(x1.r|wr)p(ui.r)
= po(y1.7/x1.7)p(X1.7|W1.7) pA (W1.7)

‘ Latent Dynamlts
@PA (uglug—1, A

77



Variational family

Model derivation

We have described the model p(uy.7, x1.7, ¥1.7)-
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Variational family

Model derivation

We have described the model p(uy.7, x1.7, y1.7)-
Next, we specify a variational family q(u1.7, X1.7|y1.7):
g(ur.r,x1.7|y1:1) = qA,0 (T |X1:7) g0 (X1:7]Y1:T)

T
= qao(arrlxir) [ ] 46 (xelye)-
=1
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Variational family

Model derivation

We have described the model p(uy.7, x1.7, y1.7)-
Next, we specify a variational family q(u1.7, X1.7|y1.7):

g(ur.r,x1.7|y1:1) = qA,0 (T |X1:7) g0 (X1:7]Y1:T)

T
= qaw(urrlxer) [ [ 4o (xelye).
=1

» ga,(w.7|x1.7) is an approximate (or exact) filter
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Variational family

Model derivation

We have described the model p(uy.7, x1.7, y1.7)-
Next, we specify a variational family q(u1.7, X1.7|y1.7):
g(ur.r,x1.7|y1:1) = qA,0 (T |X1:7) g0 (X1:7]Y1:T)

T
= qaw(urrlxer) [ [ 4o (xelye).
=1

» ga,(w.7|x1.7) is an approximate (or exact) filter
» g4(x|y:) is the encoder for each y;.
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Evidence lower bound (ELBO)

Model derivation

ELBO = /log [Pe()’I:T|X1:T)p(X1:T|111:T)PA(111:T)

ui.r, X1 7)dx1.rduy.
qus.r, Xur|y L) ] q(ui.r, x1:7|y1r)dx1.rduy
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Evidence lower bound (ELBO)

Model derivation

ELBO — /log [Pe()’I:T|X1:T)p(X1:T|111:T)PA(111:T)

ui.r, X1 7)dx1.rduy.
q(urr, xerlyor) ]q( 1.7, X171y 1) dx1.pdug.r

Variational family:

51(111:T7 Xl:T|y1:T)

79



Evidence lower bound (ELBO)

Model derivation

ELBO — /log [Pe()’I:T|X1:T)P(X1:T|111:T)PA(111:T)

ui.r, X1 7)dx1.rduy.
q(urr, xerlyor) ]q( 1.7, X171y 1) dx1.pdug.r

Variational family:

51(111:T7 Xl:T|y1:T) = qA,u(H1:T|X1:T)Q¢(X1:T|Y1;T)
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Evidence lower bound (ELBO)

Model derivation

ELBO — /log [Pe()’I:T|X1:T)P(X1:T|111:T)PA(111:T)

ui.r, X1 7)dx1.rduy.
q(urr, xerlyor) ]q( 1.7, X171y 1) dx1.pdug.r

Variational family:

51(111:T7 Xl:T|y1:T) = qA,u(H1:T|X1:T)Q¢(X1:T|Y1;T)
T

= qA,u(ul:T|X1:T) H Q¢(Xt|yt)

t=1
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Evidence lower bound (ELBO)

Model derivation

ELBO — /log [Pe()’I:T|X1:T)P(X1:T|111:T)PA(111:T)

1 %17y dxrdus.
20w, x17ly 1) :|q(u1.T7X1.T‘y1.T) x1.rdur.r

Variational family:

q(ll1:T,X1:T|Y1;T) = qA,u(H1:T|X1:T)Q¢(X1:T|Y1;T)
T
= qA,u(ul:T|X1:T) H Q¢(Xt|yt)

t=1

If we let the variational distribution ga ., (u1.7|x1.7) be the full latent posterior p(u1.7|x1.7),
the following drops out:
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Evidence lower bound (ELBO)

Model derivation

ELBO — /log [Pe()’I:T|X1:T)P(X1:T|111:T)PA(111:T)

1 %17y dxrdus.
20w, x17ly 1) :|q(u1.T7X1.T‘y1.T) x1.rdur.r

Variational family:

51(111:T7 Xl:T|y1:T) = qA,u(H1:T|X1:T)Q¢(X1:T|Y1;T)
T
= qA,u(ul:T|X1:T) H Q¢(Xt|yt)
t=1
If we let the variational distribution ga ., (u1.7|x1.7) be the full latent posterior p(u1.7|x1.7),
the following drops out:

Po(Y1:T|X1:T)P(X1:T)}
ELBO = [ 1 . r)dxq.
/og[ PRETETE qo(X1:7|y1.T)dX1.T

=Ko, x1rlyrar) {logpe (yurlxir) — log qe(x1:7|y1:T) + log p(x1:1)
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Evidence Lower Bound

Model derivation

By, xurlyrr) | 108 po(yr:r|x1:m) — log g (x1:7[y1:7) + log p(x1.7)
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Evidence Lower Bound

Model derivation

Eq,(xirlyir) | 108 po(Yi[x1:1) — log gy (x1.7|y1:7) + log p(x1:7)

» In general, not analytically tractable.
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Evidence Lower Bound

Model derivation

Eq,(xirlyir) | 108 po(Yi[x1:1) — log gy (x1.7|y1:7) + log p(x1:7)

» In general, not analytically tractable.

» Monte Carlo sample taken xgi)T ~ gg(-|lyr.r), fori=1,...,N.
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Evidence Lower Bound

Model derivation

Eq,(xirlyir) | 108 po(Yi[x1:1) — log gy (x1.7|y1:7) + log p(x1:7)

» In general, not analytically tractable.

» Monte Carlo sample taken xgi)T ~ gg(-|lyr.r), fori=1,...,N.

» logp(xi.r) is approximated w.r.t. underlying filter (exact or ap-
proximate)

This is our objective we wish to maximise to learn the autoencoding
after sampling x;.7.

N
1 i i i
FN(6,0) = D logpolyrr/x{’y) — log g (x\yly1.7) + log p(xy)
i=1
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Loss Function

Model derivation

Decoder - Reconstruction Likelihood Let us look at a single term:

log po(y1:7|x1:7) — log gy (x1:7[y1:7) + log p(x1.1)

» Decoder: The map from latent x; — §; (reconstruction).
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Model derivation
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» Decoder: The map from latent x; — §; (reconstruction).

» This should encode as much prior information about the data gen-
erating process as possible:

» Deep nets if completely unknown
> Linear (or generalised linear) models
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Loss Function

Model derivation

Decoder - Reconstruction Likelihood Let us look at a single term:

log po(y1:7|x1:7) — log gy (x1:7[y1:7) + log p(x1.1)

» Decoder: The map from latent x; — §; (reconstruction).

» This should encode as much prior information about the data gen-
erating process as possible:

» Deep nets if completely unknown
> Linear (or generalised linear) models

» If some structure is known this can be used to inform the varia-
tional encoder.
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Loss Function

Model derivation

Encoder - Variational Posterior

F(¢,0) =logpe(yi:r|x1:T) — log Q¢(X1:T|Y1:T) + log p(x1.7)
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Model derivation
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» This is the variational distribution, from which x;.7 is sampled.
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Model derivation
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» This is ‘inverting’ the data generating process, and so should be
chosen sensibly to match the decoder.
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Loss Function

Model derivation

Encoder - Variational Posterior
F(9,0) = logpe(yr.r|x1.1) — log Q¢(X1:T|Y1:T) + log p(x1.7)

» This is the variational distribution, from which x;.7 is sampled.

» This is ‘inverting’ the data generating process, and so should be
chosen sensibly to match the decoder.

» Again, in the case of no prior knowledge, we use neural networks.
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Encoder - Variational Posterior

F(¢,0) =logpe(yi:r|x1:7) — log qe(x1:7|y1:7) + log p(x1.1)

With no prior knowledge about data generating process, we use deep
nets.

po(ylx) = N (ug(x),V%I)
96(x]y) = N (g (y), diag(os(y)))

X1.7 ~ qo(X1.7|y1:T)
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Encoder - Variational Posterior
F(¢,0) = log pg(y1.r|x1.7) — log g (x1:7[y1:7) + log p(x1.7)
With no prior knowledge about data generating process, we use deep

nets.
polylx) = N (pg(x),v*I) (WY

q(xly) = N (ng(y), diag(as(y)))

X1.7 ~ qo(X1.7|y1:T)




Encoder - Variational Posterior

F(¢,0) =logpe(yi:r|x1:7) — log qe(x1:7|y1:7) + log p(x1.1)

With no prior knowledge about data generating process, we use deep
nets.

po(y]x) = N (g (x), 7/21)

-

96 (xly) = N (pg(y), diag(os(y)))

X1.T q¢(X1:T‘y1:T)
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Loss Function

Model derivation

Prior - Log-marginal-likelihood

F(¢,0) = logpo(yr.r|x1.7) — log qe(x1.7]y1.7) + log p(x1.1)
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Loss Function

Model derivation

Prior - Log-marginal-likelihood
F(,0) = log pg(y1.T|x1:7) — log g4 (x1.7|y1:7) + log p(x1.7)

» Physics-informed prior placed on the latent space.
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Loss Function

Model derivation

Prior - Log-marginal-likelihood
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» Assume a particular dynamic model, and construct a SSM.

84



Loss Function

Model derivation

Prior - Log-marginal-likelihood
F(,0) = log pg(y1.T|x1:7) — log g4 (x1.7|y1:7) + log p(x1.7)

» Physics-informed prior placed on the latent space.

» Assume a particular dynamic model, and construct a SSM.

Nonlinear State-Space Model

Transition: w; = f(w—1)+ ¢, €& ~N(0,R)
Observation:  x; = h(w) + v, vy ~N(0,Q)
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Loss Function

Model derivation

Prior - Log-marginal-likelihood
F(,0) = log pg(y1.T|x1:7) — log g4 (x1.7|y1:7) + log p(x1.7)

» Physics-informed prior placed on the latent space.

» Assume a particular dynamic model, and construct a SSM.

Nonlinear State-Space Model

Transition: w; = f(w—1)+ ¢, €& ~N(0,R)
Observation:  x; = h(w) + v, vy ~N(0,Q)

How do we set the state-space model?
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Transition Model - p(u,|u,_1, A)

PDE O+ Lau+ Fa(u) =f+e€, €~ GP(5(t —t)k(x,x))
ODE/SDE  du; = f(u, t)dt + Ldw;

» Statistical Finite Element Method (Girolami et al., 2021; Duffin et
al., 2021) used for spatial discretization of PDEs.
» Time-discretization then applied to give a probabilistic state tran-
sition.
Observation Model - p(x,|uy,)

Xy = Hut + Vt, Vg ~ N(O, Q)

» Extended Kalman Filter used to recursively calculate the marginal-
likelihood log p(x1.1) = log p(x1) + 3.2 _, log p(Xu|X1:n1).
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Collecting all together

Big picture

@0 @ %t
() 0‘0 SO pI:TL‘:m:T“?\)
Parameters
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Parameter Inference

Inferring the dynamics

» We can extend this methodology to deal with unknown parame-
ters.
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Inferring the dynamics

» We can extend this methodology to deal with unknown parame-
ters.

» Scenario where we posit certain underlying process, but wish to
infer parameters purely from video data.
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Parameter Inference

Inferring the dynamics

» We can extend this methodology to deal with unknown parame-
ters.

» Scenario where we posit certain underlying process, but wish to
infer parameters purely from video data.

» Prior over parameters p(A), and latent transitions are conditioned
on the parameters py (w,|u,—1, A).
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MAP Estimation

Inferring the dynamics
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MAP Estimation

Inferring the dynamics

MAP Estimation:

F(8,6,A) = log PEYETELT) 100 11A) + log p(A)
9o (X1:7|y1:T)

88



MAP Estimation

Inferring the dynamics

MAP Estimation:

F(8,6,A) = log PEYETELT) 100 11A) + log p(A)
9o (X1:7|y1:T)

Use gradient ascent to update the value of A at each epoch.

A A+ Vi {logp(xi.r|A) +logp(A)}
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Variational Approach

Inferring the dynamics

Variational Approximation, A) ~ g, (A), gives a new ELBO:
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Variational Approach

Inferring the dynamics

Variational Approximation, A) ~ g, (A), gives a new ELBO:

Pe(Y1:T\X1:T)
q¢(X1:T|Y1:T)

ELBO =E log

9¢ (X1:7|y1:7)

p(A)
+ B [loep(rirlA) + 1o 2|
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Variational Approach

Inferring the dynamics

Variational Approximation, A) ~ g, (A), gives a new ELBO:

Pe(Y1:T\X1:T)
q¢(X1:T|Y1:T)

A
ELBO = Eg, (xy.1[y1.1) [log +Eq ) {logp(xl;ﬂA) + log 2l ”

gr(A)

Expectations again approximated via MC to provide the new loss:

M

>~ [logp(icrlA)] = Diaw(ar(4), p(A))

i=1

po(yi.r|x1:1) 1
F(6,,7) = log LAWrrIxT) 1
(6.:%) Og&l¢(X1:T|}'1:T)+M
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Approximate posterior via marginalisation

One final step

» (Extended) Kalman Filter gives us p(u;|x1.;), conditioned on a sam-
ple from g4 (-|y1.7).
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» (Extended) Kalman Filter gives us p(u;|x1.;), conditioned on a sam-
ple from g4 (-|y1.7).

» We can account for the uncertainty of the variational encoding
through marginalisation:
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Approximate posterior via marginalisation

One final step

» (Extended) Kalman Filter gives us p(u;|x1.;), conditioned on a sam-
ple from g4 (-|y1.7).

» We can account for the uncertainty of the variational encoding
through marginalisation:

p(ulyr) = /P(utaxl:tb’l:t)dxlst = /P(ut‘xlztaY1:t)P(X1:t|y1:t)dX1:t
~ / p(urlx1e) g0 (eely 1)
RS 0) 0)
~ M Zp(ut|xlzt)’ Xl:t ~ q¢(’y1t)
i=1
This is a mixture of Gaussians.

90



Lorenz 63 system

Examples from (Glyn-Davies et al., 2022)

Derived via a truncated decomposition of a PDE describing fluid con-
vection between two plates held at a constant temperature difference.

The 2D stream function 1 (x, z) describes the flow assumed to be par-
allel to the plates.

Y= (_BZ¢7 Oa 836’(;[])

a(1+ a®) ' W(x, 2) = XV/2sin(nx/]) sin(rz/d)
We observe the velocity field (y) over a 2D domain.

Uy = —ouy + ous,
ﬂg = —ujug + ru; — ug,
ﬁg = Ujug — bug

with parameters A = {o,r, b}.
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Yy = (_821/}7 07 8X¢)

a(1 +a®) 'k~ lh(x, z) = XV 2sin(nx/1) sin(nz/d)

‘In these equations X is proportional to the intensity of the convective
motion’. Lorenz, 1963

We could encode this knowledge about the linear modulation of y;.r
with x1.7 by specifying a linear decoder, and learning this linear map-

ping.
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Lorenz 63 system

Examples from (Glyn-Davies et al., 2022)

20 q
true latents
== kalman mean
—  +2std
3 04 1
201 T T T T T b T T
0.0 0.5 1.0
Av T T
0.0 0.1 0.2
0.0 0.1 0.0 0.1
(i) uy .
playlxiy) Pl
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KdV Equation

Examples from (Glyn-Davies et al., 2022)

Korteweg-De Vries (KdV) equation with periodic boundary conditions
is used as an example of a nonlinear PDE.
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KdV Equation

Examples from (Glyn-Davies et al., 2022)

Korteweg-De Vries (KdV) equation with periodic boundary conditions
is used as an example of a nonlinear PDE.

KdV Equation

wheret € [0,T], x€[0,L], u(x,t)=u(x+L,t).

97



d?u/dx?
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KdV equation

Examples from (Glyn-Davies et al., 2022)

Normalised Reconstruction MSE
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KdV equation

3 K
By

0 100 200

Epoch

(a) Parameter esti- (b) Image data. (c) Latent infer- (d) Reconstruc-
mation. ence. tions.

Figure: KdV joint inference results; frames shown for n = {10, 50, 75}.
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Parameter estimation

Wavespeed estimation

—— estimated wavespeed
—— ftrue wavespeed

0.70

0.65 -

0.60 -

0.55 -

0.50

T T T T T
0 500 1000 1500 2000 2500 3000

Figure: MAP inference of wavespeed parameter. Initialised atc = 0.7, p(A) =
N(0.7,0.2%).
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Parameter estimation

Lorenz 63 example

30
—— mean

+2std
25 ---- ground truth

parameter o

PV ot it <tlline

0 100 200 300 400 500
epoch

Figure: Variational inference for Lorenz-63 o parameter. Blue is joint autoen-
coding and parameter estimation from y;.r, Orange estimates parameter us-
ing ground truth observations x1.7.
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Questions and discussion?
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